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Abstract

The energy of a graph is defined as the sum of the absolute
values of its eigenvalues. A strongly regular graph has the prop-
erty that the number of common neighbours of two distinct vertices
depends only on whether they are adjacent or non adjacent. The
eigenvalues of a strongly regular graphs are determined by its pa-
rameters. In this paper an attempt has been made to identify classes
of strongly regular Johnson graphs. Energy of such classes are de-
termined by their parameters. For some other classes of Johnson
graphs, Frame's method has been used or determining their ener-
gles.
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1 Introduction

Johnson graphs form a special class of undirected graphs defined from
systems of sets. A regular graph is a graph where each vertex has the
same number of neighbours. A strongly regular graph has the property
that the number of common neighbours of two distinct vertices depends
only on whether they are adjacent or nonadjacent vertices with parameters
srg(n.k,a,c)and its complement is also strongly regular. The eigenvalues
of a strongly regular graph are determined by its parameters. The energy
of a graph is defined as the sum of the abeolute values of its eigenvalues.
In this paper an attempt has been made to identity classes of strongly
regular Johnson graphs. Energy of such classes are determined by their
parameters. For some other classes of Johnson graphs, Frame's method
has been used for determining their energies.
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2 Preliminaries

Definition 2.1 Let G=(V,E)} be a (p.q) graph. Let V={v1, vz, ...vp}. The pxp matriz
. ! if w,v are adjacent
A=oy) MEEW =N Otheaie

of the graph G.

15 called the adjacency matriz

Definition 2.2 [1]:- Sum of the absolute values of the eigenvalues of the adjacency
matriz of G is called energy of the graph G.

Frame’s method [2]-

Frame’s method is an alternative method for determining the charac-
teristic polynomial of any matrix. Let A be a matrix of order n. Frame
wrote down the characteristic equation corresponding to A in the following
form:

AI=A| = AR — C A" — CA™2. . Co A —Cp= 0

The problem is to obtain the integral coeflicients C,, C, ....in the char-
acteristic equation. For this we use the polynomial algorithm. This poly-
nomial slgorithm is described below.

Let A be the adjacency matrix of a graph. Construct the matrix B',;’
as follows :

B, = A(A— GI)C; = trA,
C= %trB;,

B, = A(B: — Gal),

By = A(B; - Gl),

Bn1 = A(Ba-1 — Cral),
= frBe s
n

Thus the coefticients Cj7 are generated recursively as traces of matrices.

Definition 2.3 [3]:- A regular graph 15 a graph where each verter has the
same number of nesghbours.
{1.€) every verter has the same degree or valency.

Definition 2.4 [3]:- Let X be a regular graph that 1s neither complete nor
empty. Then, X s samd to be strongly regular wnth parameters (n ka,c)



TEJAS Thiagarajar College Journal ISSN (Online):2456-4044
June 2017, Vol 2(2), PP 82-92

if i is k-regular, every paw of adjacent verfices has 'a’ common neigh-
bours, and every pair of distinct non adjaceni vertices has 'c’ common
neighbours.
If X 1s strongly regular with parameters (n.k.a,c).then 1t’s complement
T is also strongly regular with parameters (n.k.a.c), where k=n-k-1,
a=n-2-2%k+c, e=n-Z+a

Fig.1 Shrikhande graph Fig.2

(1) Fig.1 graph iz a shrikhande graph which is strongly regular with
parameters (16.,6,2,2)

(1) Fig.2 graph is not strongly regular. since, there is any two adjacent
vertices which is not contain same common neighbours.

Eigenvalues:-

Suppose A 1s the adjacency matrix of the (nk,a.c) strongly
regular graph X We can determine the eigenvalues of the matrix
A from the parameters of X.

The eigenvalues k& and T are given by

—

_ {a—c)-VvA
2 ¥y 2
where A = (a —¢)* — 4{k— o),

6 — :'a—c)‘+v’3

, k= valency of the graph

The multiplicities of the eigenvalues 8 , T are given by

ma:%((n—l)—zk‘%ﬁﬁ“—“) and

2k+{n—1)(a-c)
m = 3 ((n— 1) 4 E o)
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Definition 2.5 [3/- Let v,k be fired positive integers 7> k > 1. Let Q be a fized
set of size y. Define J{7y, k,1) as follows: The verfices of J{~.k,1) are the subseis of
Q with size k. Jomn two vertaces if thewr intersection has size 1.

Example 2.6 The graph J(4,2,1) 1s given below in Fig.3

Here y=4, k=2, 1=1, Let Q={a,b,c,d}

Fig 3. J{4,2.1)

Note 2.7 Some of the Johnson graphs are strongly reqular and some are not strongly
regular.

Example 2.8 J/5 2.1) is a strongly regular graph

Fig 4.J(52,1)

Here =5, k=2, i=1, ={a,b,c,d. e}, n=10

In this graph, the number of vertices = (g) =10
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. valency of the graph = (?) (‘2’: ?) -6

. number of common neighbours of any two adjacent
vertices is 3.

Hence number of common neighbours of any two non adjacent
vertices is 4. Parameters n.ka,c are given below:

n|klalc

W)6(3]4

Example 2.9 J/6,3.2) is not a strongly reqular graph.

Fig 5.J(6,3.2)

For the nonadjacent vertices {a, b, d}, {a,c, f}, there is one common
element a.

Then the common neighbours of {a,b,d}.{a.c, f} are {a,b,c}, {a.b, f}.

{a,c.d} {a.d, f}.

For the vertices {a,b,c} ,{d,e, f}. there is no common element.

Hence they are nonadjacent. These two vertices have no common
neighbour.

.. J(6,3,2) 1s not a strongly regular graph.
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3  Strongly regular Johnson graphs

Theorem 3.1 J{7,3.2) is not sérongly regular for v 5

proof:
~

(3)

The vertices of J(7,3,2) are the subsets of 2 with size 3 where (2 is
a fixed set of size 7. Two vertices are adjacent if thier intersection has size 2.

Let V(J)={V;.V5...V}}

Consider two nonadjacent vertices Vi, V) of J.

Then either Vi V; =® or ;N Vjj=1

J{7,3,2) is a graph with vertices.

case(i):-
Vin Vy =@
Let V; = {a,b,c}, V; = {d, ¢, f}, such a pair exists
since v = 6
There is no common neighbour for Vi, Vj.
case(11):-

Vin Vif=1
Let Vi = {a,b,c},V; = {a.d,¢e}. Then {a,bd} is a common neigh-
bour of V; and V.
.. number of common neighbours of V,, V;>1

Since 4> 5, case(i) and case(i1) occur.
Hence J(7,3,2) i not s strongly regular graph when 7 > 5.
Note 3.2 J{5.5.2) 1s strongly regular

solution:-
Consider the graph J(5,3,2)

Fig 6.J(53.2)



TEJAS Thiagarajar College Journal ISSN (Online):2456-4044
June 2017, Vol 2(2), PP 82-92

Here v=5, k=3, i=2, Q={a.b,c,d,e}, n=10

In this graph, the number of vertices = g) =10

.. valency of the graph = 6

Consider two adjacent vertices of J(5,3,2)

Without loss of generality, let them be (a,b.c),(a,c.d)

The common neighbours of (a,b,c),(a,c,d) are (a,c.e),(be.d),(a,bd)

ie., the vertices having a.c together with the members of 0\ {a,b,c,d}
and the vertex containing the distinct elements of chosen vertices.

.. number of common neighbours of any two adjacent vertices is 3.

consider two nonadjacent vertices, say(a,c.e),(b,c.d)

The common neighbours are (a,c,d).(s,b,c),(c,de),(bc.e)

Hence number of common neighbours of any two nonadjacent ver-
tices is 4. Parameters n k ac and the eigenvalues #, 7 together with their mulitiplic-
ities are given below:

klalc|f| 7| me | me
1W|6[314 4 15

—
1
()

Energy of J(5,3,2)= k+mg |8] + m: |7}
=20
Note 3.3 J{4.3.2) 1s a compiete graph
Theorem 3.4 Fnergy of J{v,2,1) s

241047 +12y
T—2

proof:-

Consider the graph J(7,2,1)

By construction the vertex set of J(v,2,1) i= the set of all subsets
of size 2 of Q Join two vertices if their intersection has size 1.

Let V(J)={V;,V5..V;} in Q
.. the number of vertices of J(7,2,1) is (;)
.. valency of the graph=2(y — 2)
Consider two adjacent vertices of J(7,2,1)
Without loss of generality, let them be V¢ = {1,2},V; = {1,3}.
The common neighbours of V¢, Vj are {1x},
xe 2\ {1,2,3} and {23}.

.. total number of common neighbours of any two adjacent
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vertices is y — 2.
Any two nonadjacent vertices in J(, 2, 1) should be disjoint 2-sets.
Without loss of generality let V, = {1,2} and V, = {3.4}.
Any common neighbour of V{,V; should have one element from V;
and one element from V;

Hence number of common neighbours 15 2x2=4
. J(7,2,1) is a strongly regular graph with parameters

((’;)). Ay— 2,y 2,4).

The eigenvalues # and T are given by
f = ﬁ;-@, where A = (ac)®+4{a—¢)
=(y-2—-4)2 +4(2y-4- )
=(7— 6 + 4(2y - 8)
= — 127 +36 + 87— 32

=y 47 +4
=(v—2)(v-2)= (v—2y?
_ ; VA=7-2
7 (r—2-4)+7-2 _ 248
- 2 - 2
e (.,.-2,_;]_,.,_.2 __9
- 2y—-8
. the eigenvalues fand T are 0 = —/— 7=-2

The multiplicities of the eigenvalues #,7 are given by

my = 4 ((n— 1) Zlegen)

va

_ 1 (|n—5}:7-—2]~13'um- sn-zj)
- -2
=y (21--v+n+l‘!)

-2

il wal

m; = %((n_ 1) + ?L!n»-:go_cx)

_1f(n-Exy-2)4+37+mM-60-2
= -2
3

- 4Ny
¥~2

my = T5ECAE
2]
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Energy of J(7,2,1) = k+mg |8| + m, |7 |

E(I(7,2,1)) = 2y - 2) + 522 |28 | (srss)|_g)

272

A2 3y42)(2y-8)+ 27 - 1072 412y
= 27-2)

204 My

2(7-2)

- B(J(y,2,1)) = Tl

Energy of some strongly regular Johnson graphs otherthan
J(7,2,1) are tabulated below:

Graph | n | k |a|c 8 T my | m, | Energy
J532) [10] 6 [3]4 1 -2 1[5 2
J643) |15 8 4[4 2 -2 B 36
J743) [ 2|5 a V32 Va2 1222 [ 10467
J(754) [21[10[5[4 3 -2 6 |14 56
JB5A) |56 (15|64 1+2v3 | 1-2v3 |17 | 38 | 184.53
J865) |28 12]6[4 1 2 7 (20| %0
JO76) |1 5[4] -2 2 8 [27| 108
JA0ZT) [45[ 168 [4 6 -2 g [35| 140

Eigenvalues of some Johnson graphs which are not strongly
regular by using Frame’s method:

F15A10 1 T40N? 4 60TA® — 10237 + 91505 — 170A% 4+ 108\
—T3TA® 4 380A% + 197X 4 625

Graph Characteristic polynomial Energy
NP _BONTE — 240\ + 2124\ — 3555 — 441N
. +30180! 4 B53EA12 — 34201 4 1R26A0 4 125200 -
a9 ¥ o
3(6:3.2) —1280\F — B63AT — 17315 — 2043\° — 412)¢ S
~383)\% — 412\2 — 101+1622
A% _20TA® — 60702 — 1315 — 1630 — 2333\
—44B10% £ 2007A7 + 36400% 4+ BOBA% 4 22502 £ 63A% 4 1R31AZ
. ~1700A%" — 1001020 — 412\% — 383\% — 412)% — 13571 — BEO\
719 L &
T3 L 116707 — 28406 — 1144N5 4 TTINM & 312N 4 Toan2 gy 1 | 233438
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4 conclusion

In this paper, energy has been determined for some strongly regular john-
son graph parameter and this type of work may be extended to other
Johnson graphs as well as to some other families of graphs.
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